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NOTE ON THE CHIEF THEOREM OF LIE'S THEORY OF 
CONTINUOUS GROUPS. 

By Stephen Elmer Slocum, Clark University, Worcester, Mass. 

Presented by Henry Taber, November 8, 1899. Received December 1, 1899. 

The chief (hattpt) theorem of Lie's theory of finite continuous groups 
is that a system of r independent infinitesimal transformations 

X lf X 2 , • • • -Xr> 
such that 

r 

(Xj, X k ) — 2 8 c jia X* (j, h = 1, 2 . . . /•), 

for constant coefficients c Jks , generates a continuous group with r param- 
eters, that is, a group with r parameters in which each transformation 
can be generated by an infinitesimal transformation of the group, t 

Professor Study, however, has shown that, notwithstanding the infini- 
tesimal transformations of the special linear homogeneous group satisfy 
Lie's criterion, nevertheless not every transformation can be generated 
by an infinitesimal transformation of this group. % Consequently Lie's 
theorem is subject to certain limitations. The precise nature of the error 
in the demonstration of Lie's theorem has, so far as I know, not been 
pointed out ; and to show wherein it consists is the object of this paper. 
For this purpose I shall carry out, for the case of a particular group, the 
successive steps (as given in the " Continuierliche Gruppen," pp. 368- 
377) in Lie's demonstration of the first fundamental theorem of his the- 
ory, upon which the chief theorem (the second fundamental theorem) 
depends. At a certain point in this demonstration an assumption is 
made in which Lie's error consists. 

* X, denotes | sl (x t . . . x„)^L + ... + i m ( Xl . . . *»)t^-- 

t Lie : Continuierliche Gruppen, pp. 211, 390. 

J Engel : Leipziger Berichte, 1892, p. 279. See also Taber : Am. Jour. Maths., 
XVI.; Bull. N. Y. Math. Soc, July, 1894, April, 1896, Jan., 1897; Math. Ann., 
XLVI. ; Rettger : Proc. Am. Acad., XXXIII. ; Newson : Kansas Univ. Quarterly, 
1896; and These Proceedings, p. 97. 
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I shall number the equations the same, and shall use the same nota- 
tion for the special group considered as employed by Lie in his general 
demonstration. 

Lie first shows that if the n equations 

(1) x/ =fi (x t , ...x a , a x . . . a r ) (i = 1, 2, . . . n) 

represent a group with r parameters, the x"s as functions of the x's and 
a's satisfy certain differential equations of the form 

(9) g = J, fe («!... a,) t jt (*/ . . . x n ') 

(* = 1, 2, . . . n / k - 1, 2, . . . r), 

in which the determinant of the i/^j. ^ ; — that, consequently, these 
equations may be written in the form 

(io) i J( ( Xl ' . . . *„o = i ttjk ( ai . . . o |^ 

(t = l, 2, ...«;/= 1, 2, . . . r), 

where the determinant of the « jt ± ; and that, further, no linear rela- 
tion of the form 

with constant coefficients e, persists, simultaneously, for i = 1, 2, . . . n. 
We shall consider a case for which both w and r are equal to two. The 
equations 

Xi =x x + a 2 =/i (x, a), 

0) 

x 2 ' = e a *x 2 + a 1=z f 2 (x, a), 

define oo 2 of transformations 7^ which constitute a group. For, by the 
elimination of x/, x/ from (1) and 



(2) 

we derive 

(3) 
where 

(4) 



x 2 " = frx !i ' + b 1 ~f 2 (x',b), 

x" — x 1 + c 2 =/ x (x, c), 

x 2 " = e'»x 2 + £ x =/ 2 (x, c), 

Cj = aj e^ + Jj = <£ x (a, 5), 

c 2 = a 2 -f i 2 = ^2 ( a > i)« 
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That is, functional equations persist of the form 

(5) f t (f(x,a),b)=f i (x,<j>(a,b)) (i = 1, 2). 

Therefore, the composition of two transformations T a and T h of the fam- 
ily is equivalent to a single transformation of the family. It is to be 
observed, as noted by Lie, § 1 in the demonstration of the general case, 
that the functions <j>i and <j> 2 are independent of each other with respect 
to b x and b 2 . For 

9<f>h 



9bj 



1, a x fr 
0, 1 



is not identically zero. 

We may, therefore, regard x L , x 2 , a lf a 2 , c lt c 2 , as independent variables, 
and Xi, x 2 , x", x 2 ", b lt b 2 , as dependent variables. Then the differen- 
tiation of the functional equations (5), or of 



(5') 

i. e., of 
(5' a) 



M*,*)=fx(*,°) (X=l,2), 



X k ' + b 2 =Xi + c 2 , 

bi + &ix 2 = Cx + e c ix 2 , 
with respect to the a's gives 

9*{ Q\ = Q 

Sa-t 9a± 



(7) 



3*1 , 9b 2 _ Q 

Sa 2 9a 2 



^dxl + 9b 1 + ^ eh 9b 2 = 0> 



9a t 9a t 



9a t 



. 9x 2 9 h , b 9b 2 
cla 2 da 2 da 2 

h 

In order to obtain expressions for -—■ , we differentiate (4) with 



So,' 



respect to a^ and a 2 , and thus obtain 

9b 2 



= 



9ai 



0=1 + 



9h 

9a 2 
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9h 9b 2 

a a 2 cla 2 

These equations give 

o^ai 5a 2 3ai 6>a 2 

and, inserting these values, equations (7) become 

^L = 



(8 a) 



<?a 2 ' 



If in (8 a) we insert the values of x-[ and x 2 ' derived from 

x \ — #1 + tt 2> 

a: 2 = e a 2 :r 2 + «i, 

they become equations between the independent quantities x lt x 2 , a u a 2) 
b l; b 2 ; and must, therefore, be satisfied identically. Hence, equations 
(8 a) will still persist identically, in virtue of equations (1), if we assign 
definite values to the b's. 

For this purpose let e^ = 1. We then have 

/■a \ 3xi ' n 3xi ' 1 3 ** 1 3x * ' 

(9a) -— = 0, -= — = 1, -= — = 1, -= — = x t ' — a 1 . 

da x da 2 da^ da 2 

Therefore, if we define functions £ of the *"s and functions if/ of the a's 
as follows, 

6i(a0=0, 6i(a0 = -l, &(aO = -l, &(*')=-*/, 

i^n (a) = — 1, </' l2 (a) = a 1 , ^»i(a) = 0, ^ M ( t) = — ] , 

we have 
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(9) 



5x[_ 
3* 



- 7 r— = f lk (a) i u (x') + fa,, (a) ta 00 

CO* 

(* = 1, 2; k = l, 2). 
The determinant of the ij/'s, namely, 






— 1, aj 
0, -1 



& Oi , *s ) = ojj (a) ^- + a^ (a) ^- 



not being identically zero, equations (9) may be solved for the £ 's, giving, 
(10) 

(t'=l,2;y=l,2), 

where 

«ii («i> «2) = — 1> «i2 («i, 02) = 0, 

«21 («15 « 2 ) = — "l> «22 («1> «a) = — 1. 

It is to be observed that 

«i fn 00 + c 2 £21 (a/) = — «a, 

ei £12 00 + e2 f 22 O') = — «i — e 2 a? 2 '. 

Therefore, these expressions linear in the |'s cannot both be simulta- 
neously zero (for all values of the a;"s) if e x and e 2 are constants other 
than zero. That is to say, no two constants e x and e 2 > not zero, can be 
found for which 

H iu 00 + e 2 &, O') = 0, 

for j = 1 and i = 2, simultaneously. 

We come next to the demonstration of the second part of Lie's first 
fundamental theorem. Starting with a system of equations which define 
a family with r essential parameters (r = 2 in the case considered), and 
satisfying differential equations of the form (9), we proceed to follow the 
steps in Lie's demonstration that this family (provided certain other 
conditions are also satisfied) constitutes a group. 

As shown above, the family of oo 2 of transformations T a defined by 



(1) 



Xi = a?i + a 2 =/i O, a), 
x 2 ' = e a zx + a x =/ 2 0, a), 



satisfy differential equations of the form (9) in which the determinant of 
the \j/ Jk is not identically zero ; also the differential equations 
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£* (?i, **) = a* («) J^ + o* ( a ) J^ 

where the £'s and a's are defined as follows : 

6i(a0 = 0, f„(jO = -l, &i(0=-l, tM=-V, 

011(a) = —1, o 12 (a) = 0, a 21 (a) = — a b a 22 (a)=— -1. 

Moreover, if we put a^ ' = a 2 (0) = 0, then a x = a^, a 2 = a 2 (0 > gives the 
identical transformation ; and the determinant of the a ik (a m ), namely, 

-1, 



V, « 12 ,0) 



«2i |0) , a 22 <»> 



— a, — 1 



is neither zero nor infinite. 

In order to prove that this family constitutes a group, we proceed to 
integrate equations (10). For this purpose, introduce a new auxiliary 
variable t by means of the equations 



(11) 



da± . . __ 

—j- = Ai an («i> a 2 ) + X 2 "21 (°i> <H) = — Ai — a t Aj, 



—j— — Xi a 12 (a 1; a 2 ) + X 2 "22 («u ^2) = — ^2, 



where Xj and X 2 are any arbitrary but definite constants. To determine 
the constants of integration, we assume that a 1} a 2 take the values Oi, a 2 
for t = t. The integrals of equations (11) are then 

a 2 = a 2 — A 2 (t — t), 

Xi (t — t)= fi t) X2 (< — <)= /xj ; 
the integral equations then become 



Let now 



(12) 



«i = ■ H — = $1 (fi, a), 



<*2 = «2 /*2 = *2 (/*> <*)• 

It is to be observed that the a's are independent functions of the p's : for 
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9a k 
3 N 



_ 1 U** — 1 \ 



is not identically zero. 

By means of equations (12) we can introduce in equations (1) the 
new parameters /*i, /x 2 instead of a ly a 2 . Solving (12) for /*i, /x 2 , we have 



(a, - « 2 ) (a, - ei ^) «*-* _ 
(13) 



H ~ !-««.-«. = M » (*> «>' 



Hz 



= a 2 — o 2 = M 2 (a, a). 



If we introduce these new parameters ^ 1( /t 2 i n equations (1), the x"s 
become definite functions of x u x 2 , p x , /* 2 , a x , a 2 ; and, since the //a contain 
t, the x"s will also be functions of the auxiliary variable t. Multiplying 
equations (10) by A 1; A 2 , and adding, we get 

or 

j. — ^-1 til ( x l > x i ) + ^-2 ?21 (#1 J #2 ) = — ^2> 



(14) 



rfa; ' 

—7— = Xi f 12 (#1 , x 2 ) + A 2 f 22 (x\ , a; 2 ) = — Aj — A 2 * 2 1 



which define the a:"s as functions of t. Since a u a 2 reduce to a ly a 2 for 
t = 7, we see that a;/, cc 2 ', for t = 7, take the initial values 

a;/ = ajj + a 2 S/i (x, a), 

x 2 ' = e^aij + a x = f 2 (x, a). 

Further, the integrals of equations (14) contain the A's only in the 
combination ju 1; fi 2 ; and, therefore, can be expressed in the form 

Xi — F x (Xx, x/, IX!, /Xs) = Xi — Ll2, 

(16) 

x,' = F 2 &', x 2 ', Ml , rt ) = ^ (i- - l) + ?L. 

Inserting therein the values 

*/ = / (*. «)> *«' = /« (*> «)> a * = ** (A 1 , a) 
(» = 1, 2 ; h = 1, 2), 
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the totality of equations (1) to (12), we obtain the functional equations 

(17) F t (/(*, a), /*) =/< (x, * fa a)) 

(• = 1, 2). 

We have already denoted by T a the transformation defined by (1), in 
which the parameters are a l5 a 2 . Consequently, equations (15) define 
the transformation T a . We may now denote the transformation defined 
by (16) in which the parameters are p. lt /n 2 by JS^. Then the functional 
equations (17) may be expressed in the single formula 

(18) T s F„=T a . 

For T a transforms x t into x/ z=f(x, a), and E^ transforms x t into 
F t (x' , fi), while, in virtue of (12), T a can also be written in the form 

x { '=f i (x, 9 fa a)) (t = l,2). 

The relation (18) persists, therefore, provided the three parameter 
systems (a u a 2 ), fa, /* 2 ), (a v a 2 ) are connected by relations (12). 
Therein o 1? a 2 denote definitely chosen general values of « 1( a 2 . 

We now make use of the assumption that the transformation T a , de- 
fined by (1), shall become the identical transformation for a t = a^, 
a 2 = a 2 (0) . Namely, for the moment, let a x = a/ ', a 2 = a 2 (0) ; whereupon 
Ta becomes the identical transformation ^io). Then, because the deter- 
minant of the aj„ (a m ) is, according to assumption, neither zero nor in- 
finite, and, therefore, the former considerations are also valid for a = a <0) , 
— the ct v a 2 in virtue of (1 2) assume the values 

(19) a k = <*>* fa 1} /n, <>, <>) (* =1,2); 

that is to say, since we take a^ 0) = a 2 m = 0, a t and a 2 assume the values 

/*i Pi 

a i = ? 

fi 2 e** /t 2 

(19, a) 

a 2 = — /*2. 

Hence, (18) becomes 

and, therefore, 

(20) b„ = r a . 

Whence it follows that each transformation E^ belongs to the family of 
transformation's T a , defined by equations (1). If now, conversely, we 
could establish that each transformation T a belonged to the family of 
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transformations E^, the first fundamental theorem would then be proved. 
For taking the a's arbitrarily, we could then find a system of parameters 
p. such that E^ = T a ; and, the a's being also an arbitrarily chosen sys- 
tem of values of the parameters a of equations (1), we should have, 
symbolically, 

J' /TT rp et rp 
a J- a. — J- a -O^ — J- a > 

or 

fi (/(*, a), «) = F t (J(x, a), jt) =f ( (x, a) 

(i = 1, 2), 
where 

a k = * 4 (jx, a) = * 4 (if (a, a<°>), «) ; 

that is to say, the composition of two arbitrary transformations T a and 
T a of the family gives again a transformation T a of the family. This is 
precisely the step taken by Lie, who assumes that because, — as men- 
tioned above, page 244, — the 9 k 's are independent functions of the /u's, 
each transformation of (1) belongs to the family E^. But, although the 
functions a 1; a 2 , as defined by (19 a), are independent of the /a's, since 
the Jacobian 

3 (<*i> <* 2 ) 



3 <>i> /* 2 ) 






is not identically zero, nevertheless, for certain values of the a's, the /x'a 
are infinite. Infinite values of the fx's, however, are expressly excluded 
from consideration. For fi k = \ k (t — t), and since t and t cannot be 
infinite, if fx k is infinite k k is infinite ; and, by supposition, the A's are 
arbitrary but definite constants in the integration on page 244. So we 
cannot assume that every transformation T a of the family (1) belongs 
to the family E^. Thus, solving equations (19, a), we have 



o.\ a 2 
^1 = 1 T„ 



(19,6) 

/*2 — — a 2- 

For ai =j= 0, and a 2 an even multiple of it i, ^ becomes infinite. More- 
over, this transformation of the family (1) is distinct from any transfor- 
mation of this family T a for which the /x's are finite. 

On page 375 of the " Continuierliche Gruppen" Lie points out that 
every transformation of the family E^ is generated by an infinitesimal 
transformation. The infinitesimal transformation in question is repre- 
sented by the symbol 
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r r n n f 

^X j X j f=^ i \^ j( {x 1 ...x n ) & £, 
l 11 o%i 

and adds to an arbitrary function /(a;/ . . . x n ') the increment 

ZkjX/f-St, 
and, therefore, to x t adds the increment 

Sx ( = iji (*i • • • O • 8t. 
This shows its relation to the simultaneous system on page 245, namely, 

dx' r 

-^- = S, A, ft, (*/...*,/) (.-=1,2...»). 

If the theorem stated by Lie, page 375, " Continuierliche Gruppen," 
was true without exception, namely, that every transformation of the 
family T a belonged to the family E^, it would then follow that every 
transformation of the family T a could be generated by an infinitesimal 
transformation ; for then taking the a's arbitrarily, we should have 

E* = T a . 

But, for a system of values of the a's for which one or both of the func- 
tions M x (a, a m ), M 2 (a, o (0) ) are infinite, there is no equivalent transforma- 
tion of the family E^ ; and, consequently, such a transformation cannot 
be generated by an infinitesimal transformation of the group. E. g., the 
transformation T a considered above, for which a x 4= and a 2 is an even 
multiple of iri, cannot be generated by an infinitesimal transformation of 
the group. 

In demonstrating the second fundamental theorem (the chief theorem) 
Lie assumes the results of the first fundamental theorem. He shows 
that a system of r independent infinitesimal transformations * 

*i/= 2» & (*! • • • a0i£ (I' = 1, 2 . . . r) 

l &x k 

generate a family of transformations 3C a , with r essential parameters, 
which contains the identical transformation, and is defined by the 
equations 

* Lie terras the infinitesimal transformations or symbols of infinitesimal 
transformations X lt X% . . . X r independent if they satisfy no linear relation 
e 1 X x f+ . . . + e r X r f=z 0, with constant coefficients e. 



SLOCUM. — FINITE CONTINUOUS GROUPS. 249 

r r r 

(A) */ = x ( + l k a k X k x t + i. 1 k 2, a k a, X k X t x t + . . . = £ (x, a) 
1 li 

(.■ == 1, 2 . . . r) ; 

further, that, if and only if 

r 

(Xj X„) — 5, c^ X s f, 

will this family satisfy differential equations of the form required by the 
first fundamental theorem. Consequently, only if this criterion is satis- 
fied by the infinitesimal transformations can they generate a group. 

Proceeding now, as in the demonstration of the first fundamental 
theorem, we introduce certain new parameters /*, and, finally, obtain the 
equation 

where a k = (J> k (jx, a) (£=1,2,... r). As before, since the family of 
transformations 8T tt , defined now by equations (A), contains the identical 
transformation, we have 

3E„ = E a , 

where a k = 4> k Qi, a ,0) ), and p k = JH S (a, a (0 >) (k = 1, 2, . . . r) * and thus 

EsEa =E a . 
In the former case we saw, page 247, that, if the a's were chosen arbitra- 
rily, one or more of the /it's might be infinite. In the present case the 
/x's are numerical multiples of the a's f ; and, consequently, the /a's are 
finite whenever the a's are finite. E.g. (n — r — 2), 

fi (x, a) — x t + a 2 , 

t 2 (x, a) — e a 2 x 2 + a x I J, 

ay = <Ih 0*. «) = «'(« fl, - 1 >fe-' t »>*-' 4 + ftifc-g.) 

v ' a i e s 2(e s 2 — v+ — 1) /x 2 e^ (e^ - m 2 _ 1) 



/^(e 3 * — m 2 _ 1)' 
a 2 = <P 2 (ju,, o) = a 2 — /t 2 , 

which give oj = <Z> X (|i/, a <0) ) = — (i 1} 

a 2 = * 2 (>, a (0 >) = - H . 

* In the present case the values of the a's giving the identical transformation 
are a^ - a 2 <°> = 0. 

t Cf. Lie : Transformationsgruppen, III. 607 et seq. 
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Therefore, the a's and a's being taken arbitrarily, we have 

ULaEa. = ®a, 

where 

«. = <h [JH (<*> « ,0) ), «] (* = 1, 2 . . . . r). 

But, whereas the parameters a with which we dealt in that part of this 
paper, pages 240-248, relating to the first fundamental theorem were not 
restricted in range, the present parameters a, involved in the transforma- 
tions 5C„ defined by equations (A), must be finite, at least if the trans- 
formation 2T a is to be generated by an infinitesimal transformation. And 
if a and a are chosen arbitrarily, 

a k =(p k (a,a) (k=l,2...r) 
may be infinite. 

Thus, in the example chosen, if a t =j= 0, oi 4 1 0, and a 2 + 02 = an 
even multiple of tt i, the transformation 

x{ — f 1 (x, a) = *\ -r- a 2 

/g» 2 1 \ 

xi = f 2 (x, a) =eP*x 2 + aA ■ J 

is finite, while 

«t = *i (a, a) = ^±^ [| (* - 1) + +!*(*. - 1)] 

is infinite ; and the transformation QL a cannot be generated by an infin- 
itesimal transformation. 



